A general equation is derived that describes the behavior of a piezoelectric transducer with a nonuniform distribution of piezoelectric coefficient within its bulk, when submitted to an arbitrary distribution of acoustic pressure. Based on this equation, an expression for the receiving transfer function of the transducer is calculated. The results demonstrate the dependence of the transfer function on the distribution of piezoelectric coefficient, and that it is possible to benefit from a nonuniform distribution to optimize the transfer function. The general equation also describes the influence of the external electric circuit loading the transducer, which leads to another independent means of optimizing the transfer function. The proposed model combines effects of piezoelectric material characteristics, acoustic backing, and electric loading, without resorting to Mason or other equivalent circuits for the transducer.
INTRODUCTION
Acoustoelectric transducers, which are devices to convert acoustic energy into electric energy and vice versa, present a very large variety of applications, as for example ultrasonic biomedical imaging. Different physical principles can be employed to implement these transducers. The piezoelectric effect is one of the most widely used in the low ultrasonic range. A piezoelectric transducer consists of a piece of piezoelectric material mounted with appropriate electrode patterns. Very often it has the shape of a flat piezoelectric plate electroded on both faces. Usually, as mechanical resonators, piezoelectric transducers exhibit high-quality factors, meaning that they can vibrate easily only in the vicinity of specified frequencies. This leads to an acoustoelectric transfer function of the transducer that is mainly defined in a limited range of frequency around a center frequency. For many applications, it appears desirable to be able to optimize this 
I. GENERAL EQUATION OF THE TRANSDUCER
Let us consider a transducer, represented in Fig. 1 , made of a plate of piezoelectric material electroded on both faces. The lateral dimensions of the plate are taken very large compared to its thickness e, and it is assumed that all the quantities in the bulk of the transducer are uniform in each plane parallel to the plane of the plate and can vary spatially only in the direction of the Oz axis perpendicular to the plane of the transducer.
The material parameters that play a role in the acoustoelectric transduction process, namely, the piezoelectric coefficients d33 and g33 and the dielectric permittivity e33, will be allowed to be nonuniform in the Oz direction, and will be Front • Rear
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represented respectively by the functions d33 (2), g33 (2), and •'33 (Z). These three functions need not be continuous and can exhibit discontinuities.
We now suppose that the transducer is submitted to a distribution of acoustic pressure, uniform in each plane perpendicular to Oz, and represented by the function p(z,t), which stands for the value of the acoustic pressure at abscissa z at time t in the piezoelectric material.
We take the front electrode of the transducer, located at z = 0, as the reference for electric potential. As a response to the pressure distribution p(z,t), depending on the electric boundary conditions between the two electrodes, a variation of the potential V of the rear electrode located at z = e can occur, or an electric current I can flow through this rear electrode.
The question we shall address now is how Vand I relate to the distribution of pressure and piezoelectric material parameters. To answer this question, we start with the basic laws defining the expressions of the current I and the poten- We can express tr(e) in terms of the electric field E(z) and the electric polarization P(z) in the piezoelectric materi- 
dt which yields Equation (10) is a general equation relating the electric signals I(t) and V(t), which can be obtained from a piezoelectric transducer, to the acoustic pressure distribution within the transducer, and to the parameters of the piezoelectric material, which are allowed to be nonuniform throughout the bulk of the material. In practice, the transducer is terminated in an external electrical circuit, which gives another relationship connecting I(t) and V(t), and thus a fully determined system.
•'oE(z) q-P(z) = C1,
... 
So, the frequency response of the transducer depends on the spectrum of the pressure, and also on the distribution of piezoelectric coefficient g33 (2). We shall now derive a transfer function that will be a characteristic of the transducer only, and see how g33 (2) enables us to optimize this transfer function.
III. DERIVATION OF A TRANSFER FUNCTION
Thus far, we have not considered any particular form for the pressure distribution p(z,t) within the transducer. In many situations where a piezoelectric transducer is utilized, the pressurep(z,t) in the bulk of the piezoelectric material is produced by an acoustic wave impinging on the front face of At abscissa z = 0, part of the incident wave Pl(Z,t) is reflected by the interface, and part penetrates the transducer. At the other interface at z = e, part of the wave is reflected into the transducer, and part is transmitted to the backing medium.
In order to deduce in these conditions the electrical response of the transducer given by (19), we first have to compute an expression for the resultant distribution of pressure p (z,t), or its Fourier transform p (z, co), within the transducer. Thus, we have to make assumptions on the acoustic properties of the different media in contact to know how the incident pressure will get distributed.
So, let us assume that the propagating medium of the incident wave has an acoustic impedance Z1, and the backing medium of the transducer an acoustic impedance Z3. The piezoelectric material of the transducer will have an acoustic impedance Z2 and a propagation constant y that will be a complex function of the angular frequency co defined as
where a (co) is a real function representing the attenuation of acoustic waves in the transducer, and/3(co) = co/c, c being the phase velocity of acoustic plane wavesin the transducer. The velocity c, as well as the acoustic impedances Z1, Z2, and Z3, can also be functions of the angular frequency co. However, the acoustic parameters of the transducer are assumed to be spatially uniform, while its piezoelectric parameters are not. Strictly speaking, this situation might not be rigorously possible, since the acoustic and piezoelectric parameters of a material are closely related. Nevertheless, as the so-called stiffening of the acoustic parameters due to the piezoelectric effect remains small in most materials (6), it appears as a reasonable approximation to consider the influence of such nonuniform stiffening as negligible. The configuration of the system is represented in Fig. 2 . The thickness of the electrodes of the transducer is supposed to be sufficiently small compared to the acoustic wavelengths involved, so that the perturbation of the pressure distribution caused by these electrodes can be neglected.
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V. OPTIMIZATION THROUGH THE EXTERNAL ELECTRIC LOAD
We shall now present another independent way of optimizing the transfer function of the transducer, which is also suggested by the general equation (10). The functions g33 (Z) and G(co) provide two independent means to optimize the transfer function of the transduction system, allowing one to specify its properties to a large extent.
We emphasize, suggested by the example of Fig. 6(b) , that reduction of amplitude of the transfer function occurring in the optimization process can be compensated for by adjoining to the transducer additional piezoelectric layers with appropriate profiles of a piezoelectric coefficient. Transducers with a nonuniform distribution of piezoelectric coefficient can be physically implemented by various techniques. For instance, layers of a piezoelectric material can be assembled together, each layer having received a separate poling will possess a specified value for its piezoelectric coefficient, and will permit the definition of the distribution of piezoelectric coefficient by a piecewise constant function throughout the assembly. Another technique could be the use of a nonuniform electric field to carry out the poling process of a piezoelectric material. Physical implementations of transducers with a nonuniform distribution of piezoelectric coefficient have been reported 8 providing an experimental basis to the theoretical results presented here.
